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Abstract

In this paper the fundamental role of independent balance laws of material forces acting on dislocations and mic-
rodefects is shown. They enable a thermodynamically consistent formulation of dissipative deformation processes of
continua with dislocation motion and defect evolution in the material space on meso- and microlevel.

The balance laws of material forces together with the classical balance laws of physical forces and couples, first and
second laws of thermodynamics for physical and material space and general constitutive equations are the basis to
develop a thermodynamically consistent framework of nonlocal finite elastoplasticity and brittle and ductile damage.

It is shown that a weakly-nonlocal formulation of the balance laws of material forces leads to gradient theories,
where local theories are obtained, if all gradient contributions are assumed to be small. In this case the local balance
laws of material forces together with the constitutive equations represent evolution laws of the material forces. In the
classical approach of internal variables they are assumed from the outset with the result that there is a large number of
different propositions in the literature.

The well-known splitting test of a circular cylinder of concrete is simulated numerically, where the process of defor-
mation in the physical space and defect and plastic evolution in the material space is represented.
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1. Introduction

Motion and deformation of continua in the physical space are well defined within the concept of classical
continuum mechanics and, if temperature changes are taken into account, within classical continuum ther-
modynamics. They are based on the postulates of physical linear and angular momentum and first and sec-
ond law of thermodynamics supplemented by appropriate constitutive equations subject to objectivity
requirements (Truesdell and Noll, 1965). In general, along with the deformation of the material body in
the physical space a change of the internal material structure can occur accompanied by degradation of
material properties. These changes are caused by physical mechanisms in the material space on macro-,
meso-, and microlevel, respectively, where microcracks, microvoids and dislocations are observed in brittle
and ductile material, respectively.

An appropriate description of nucleation and evolution of microdefects and their coupling with the
deformation of the body in the physical space is not at all an easy task. Most concepts proposed so far
in the literature of elastoplasticity and damage are internal variable approaches (see e.g. Kachanov,
1986; Chaboche, 1988; Hansen and Schreyer, 1994; Krajcinovic, 1996; Houlsby and Puzrin, 2000). Internal
variable approaches are based on classical continuum mechanics to describe the macrodeformation, while
the nucleation and evolution of microdefects are characterized by internal variables, for which evolution
laws are postulated. Essential drawbacks of these theories are:

• Internal variable approaches are local theories, which are not able to describe appropriately localization
phenomena (e.g. Bažant, 1991) leading to a pathological mesh-dependency of corresponding FE-solu-
tions (see e.g. Miehe, 1998; Schieck et al., 1999);

• Local theories are not able to simulate length scale dependent problems (see e.g. Bažant and Ožbolt,
1990; Bažant and Planas, 1998);

• There is no recipe, how to chose evolution laws. Therefore, there are quite different propositions in the
literature.

To overcome the numerical difficulties associated with the analysis of localization phenomena applying
local theories integral and gradient enhancements were proposed in the literature (e.g. Aifantis, 1984;
Bažant and Pijaudier-Cabot, 1988; de Borst and Mühlhaus, 1992; de Borst et al., 1995; de Borst, 2001),
where the gradient enhancements can be obtained from integral enhancements by Taylor expansion
restricting to the first term of the series. Gradient theories are weakly-nonlocal, but with the advantage that
they are better accessible to numerical applications than integral enhanced theories. Fully nonlocal theories
can be established also by taking into account the manifold structure of the material space with torsion and
curvature (see e.g. Shizawa and Zbib, 1999; Cleja-Tigoiu, 2002a,b; Rakotomanana, 2004; Clayton et al., in
press).

While the question of locality or nonlocality of the model is essential for the numerical analysis of
localization phenomena as shearbands and damage concentrations, it does not explain the large number
of proposed theories in finite elastoplasticity and damage mechanics and many controversial discussions
in the literature on these fields. The crucial point and reason for this is the fact that in general to
describe the dissipative process of defect evolution on meso- and mirolevel there are less equations
than unknowns and therefore the missing equations are freely assumed as in the case of evolution
laws.

Since Leibfried (1949), Peach and Koehler (1950) and Eshelby (1951) it is known that there are forces
acting on microdefects as microcracks, voids and dislocations, and these forces are non-standard and called
‘‘material forces’’ and ‘‘configurational forces’’, respectively, contrary to the Newtonian ‘‘physical forces’’
acting on masses in the physical space. The material forces have to satisfy their own dynamical balance
laws, which are independent of the balance laws of physical forces, coupled only by constitutive equations.
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The fundamental role of the material force balances and their consequences for the formulation of finite
elastoplasticity and brittle and ductile damage is subject of this paper.

Models of finite elastoplasticity based on an additional independent balance law of material forces on
dislocations were presented for non-dissipative equilibrium forces in Naghdi and Srinivasa (1993a,b),
Stumpf and Le (1993) and Le and Stumpf (1996a). The latter theory is generalized in Le and Stumpf
(1996b) for rate-dependent gradient elastoplasticity taking into account besides the non-dissipative equilib-
rium forces also the dissipative driving forces on dislocations. In Le and Stumpf (1996c) it is shown that
within this concept the plastic deformation, Fp = RpUp, and the plastic rotation Rp can be determined un-
iquely (up to rigid body rotation). While these theories are based on weakly-nonlocal balance laws of mate-
rial forces, Cermelli et al. (2001) presented a closed concept of finite elastoplasticity postulating a local
balance law of the material forces on dislocations. This theory allows to determine uniquely the evolution
of the plastic deformation.

A weakly-nonlocal model of rate-independent crystal plasticity is presented in Gurtin (2000) taking into
account the dependency on plastic strain gradients. The theory is based on microforce balances in addition
to the classical physical force balance. As a consequence of the second law of thermodynamics the internal
microforces are given in terms of energetic and dissipative parts, where the energetic parts are derived from
the free energy.

In damage mechanics Frémond and Nedjar (1996) presented a virtual work principle for isotropic brittle
damage leading to the classical force balance and an additional weakly-nonlocal balance of a scalar-valued
material force power-conjugate to the scalar-valued damage parameter. A gradient theory of anisotropic
brittle damage with an additional balance law of material forces acting on microdefects is derived in Stumpf
and Hackl (2003).

Fully nonlocal damage theories with additional material force balances are subject of the papers Stumpf
and Saczuk (2000), Saczuk et al. (2001, 2003). These theories are based on the manifold structure of the
material space, where the gradient operator is replaced by the so-called connection, which depends on tor-
sion (dislocations) and curvature (disclinations) of the manifold (see also Rakotomanana, 2004). In
Makowski and Stumpf (2001) the structure of the material space is modeled by a finite set of directors,
where for the power-conjugate material forces independent balance laws are introduced. Contrary to the
weakly-nonlocal (gradient-type) models, the fully nonlocal theories are so far not accessible to numerical
applications.

The paper is organized as follows. In Section 2 independent kinematical variables are introduced to de-
scribe the position and motion of material particles in the physical space and the evolution of microcracks,
microvoids and dislocations on meso- and microlevel in the material space. Power-conjugate physical and
material forces are defined and independent integral balance laws for physical forces and couples and mate-
rial forces are postulated, from which their local forms can be derived. Corresponding to these balance laws
the principle of virtual power for physical and material space is given. Next the first and second law of ther-
modynamics are formulated for physical and material space in integral form and their local forms are
derived.

In Section 3 general constitutive equations for the free energy and for physical and material stresses are
assumed as function of the physical deformation gradient and its rate and the material kinematical vari-
ables, their gradients and rates. The thermodynamically admissible form of the constitutive equations is
determined showing that all forces and stresses, respectively, consist of a non-dissipative part, which can
be derived from the free energy potential, and a dissipative part representing the driving forces on defects
and dislocations on meso- and microlevel. They have to satisfy the dissipation inequality. It is shown that
under certain symmetry conditions a dissipation pseudo-potential exists allowing to express the constitutive
equations by two potentials, the free energy and the dissipation pseudo-potential. Finally in Section 3 the
governing equations for the analysis of isothermal, dissipative deformation processes with defect and plastic
evolution are presented.
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In Section 4 simplified weakly-nonlocal models of damage and finite elastoplasticity are investigated: an
isotropic gradient model of brittle and ductile damage and a model of finite elastoplasticity with gradient
isotropic hardening. In Section 5 numerical results are presented for the splitting test of a concrete cylinder
applying the isotropic gradient damage model for brittle and ductile material behavior.
2. Kinematics and general laws in physical and material space

2.1. Kinematical variables in the physical space

In classical Newtonian mechanics the motion of material points for continuous media can be defined
by a vector-value function, the actual position vector x(X, t) or the corresponding displacement vector
u(X, t),
x ¼ xðX; tÞ ¼ Xþ uðX; tÞ; ð2:1Þ
where X is the position vector in the undeformed and homogeneous reference configuration, and t is the
time parameter.

Once the mapping (2.1) is given, all kinematical variables on the macrolevel are specified, in particular
the velocity
vðX; tÞ ¼ _xðX; tÞ; ð2:2Þ
where a dot denotes the material time derivative, the deformation gradient
FðX; tÞ ¼ rxðX; tÞ ¼ 1þruðX; tÞ; ð2:3Þ

the Cauchy–Green deformation tensor C(X, t) and the Green strain tensor E(X, t),
C ¼ FTF; E ¼ 1

2
ðFTF� 1Þ; ð2:4Þ
where 1 is the identity tensor.
In this paper we apply a Lagrangian formulation of all equations, it means that all fields are referred to

the undeformed and homogeneous reference configuration. The corresponding Euler formulation can then
be obtained easily by push-forward operation of all quantities to the actual configuration (see e.g. Stumpf
and Hoppe, 1997).

Material points of continuous media have three degrees of freedom. Therefore, (2.1) defines for contin-
uous media the motion of material points in the physical space uniquely. On the other side, granular media
have six degrees of freedom, three translational and three rotational ones. While the translational motion is
described by (2.1), the rotational part of the motion can be defined by a rotation tensor in the case of finite
rotations and by a rotation vector in the case of small rotations (Makowski et al., 2004). In the present
paper we shall restrict our considerations to dissipative deformation processes of continuous media.

2.2. Kinematical variables in the material space

While for continuous media the motion in the physical space, deformation and strains are defined by
(2.1)–(2.4), inside the material space the nucleation and evolution of microcracks, microvoids, microshear
bands and dislocations are observed on meso- and microlevel, respectively, leading to material degradation
and damage as well as to plastic material changes. Since these physical phenomena are quite different, we
introduce for their description two independent kinematical tensor functions, Fd(X, t) and Fp(X, t), associ-
ated with damage, (•)d, and plasticity (•)p.



3944 J. Makowski et al. / International Journal of Solids and Structures 43 (2006) 3940–3959
In the simplest case of isotropic damage Fd(X, t) reduces to Fd(X, t) = D(X, t)1, where 1 is the identity
tensor and D(X, t) a scalar-valued function within the range [0,1], D = 0 corresponding to the undamaged
state and D = 1 to the fully damaged state. As physical interpretation the scalar-valued damage function D

may represent the amount of microcracks and/or microvoids in a representative volume element. To take
into account that microcracks have an orientation an anisotropic damage description can be needed. In this
case Fd(X, t) may be considered as a symmetric tensor function referred to the homogeneous reference con-
figuration (Stumpf and Hackl, 2003).

To describe the plastic deformation inside the material space, we chose the so-called plastic deforma-
tion gradient Fp(X, t), which is a locally defined linear map and not a gradient of the type (2.3), because
there exists no associated displacement field. Applying the polar decomposition theorem, Fp = RpUp,
with the Lagrangian plastic stretch Up and the plastic rotation Rp, it follows that Fp has nine indepen-
dent components, six due to the plastic stretch Up and three due to the plastic rotation Rp. To analyze
engineering structures at finite elastic–plastic strains a model can be constructed depending on the
plastic stretch Up only and not on the plastic rotation Rp (Schieck and Stumpf, 1995; Miehe, 1998;
Schieck et al., 1999). For small deformations this corresponds to a formulation in linear plastic strains
with six independent components. To take into account also the development of plastic anisotropies
and strain hardening, both effects may depend on Fp(X, t). In this case they are not independent
variables.

In this paper an additional independent kinematical variable of the material space is introduced, np(X, t),
assumed here as n-dimensional vector representing e.g. hardening parameters. To follow the numerically-
oriented literature of gradient enhanced elastoplasticity and damage (see e.g. de Borst et al., 1993; Sluys
et al., 1993; Nedjar, 2001) we choose a vector and not a tensor representation of the hardening parameters
(for crystal plasticity see also Gurtin, 2000).

We collect the independent kinematical material variables in the ordered set
e ¼ FdðX; tÞ;FpðX; tÞ; npðX; tÞ
� �

; ð2:5Þ
with the ordered set of material space gradients $e,
re ¼ rFdðX; tÞ;rFpðX; tÞ;rnpðX; tÞ
� �

; ð2:6Þ
and the material time changes of (2.5),
_e ¼ _F
dðX; tÞ; _F

pðX; tÞ; _n
pðX; tÞ

n o
; ð2:7Þ
where $ denotes the gradient with respect to the homogeneous and undeformed reference configuration. It
should be pointed out that with the gradients (2.6) three different length scales are introduced, one associ-
ated with damage localization, one with plastic localization as shearband formation and one with harden-
ing concentration.
2.3. Physical and material forces and stresses

Power-conjugate to the physical deformation gradient F is the classical first Piola–Kirchhoff stress ten-
sor T, and power-conjugate to the set of kinematical material variables (2.5) is the ordered set of material
forces
r ¼ TdðX; tÞ;TpðX; tÞ; tpðX; tÞ
� �

; ð2:8Þ
and power-conjugate to (2.6) is the ordered set of material stresses
R ¼ HdðX; tÞ;HpðX; tÞ;HpðX; tÞ
� �

; ð2:9Þ
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such that the stress power in physical and material space can be written as
r ¼ T � _Fþ r � _eþ R � r_e; ð2:10Þ
derived in Section 2.5 as result of the weak form of the physical and material force balances.

2.4. Integral and local balance laws of physical and material forces

For the purpose of this paper, the material body under consideration may be identified with a region B in
the physical space, which the body occupies in a fixed reference configuration. The motion of the body is
then described by the mapping (2.1) and (2.2). We assume furthermore that the referential mass density
q0(X) is independent of time so that the balance law of mass conservation is satisfied identically. Then,
the classical integral balance laws of physical linear and angular momenta are defined as
Z

oP
Tn daþ

Z
P

bdv ¼ d

dt

Z
P

pdv; ð2:11Þ
Z

oP
x� Tn daþ

Z
P

x� bdv ¼ d

dt

Z
P

x� pdv ð2:12Þ
with the denotations:

T(X, t): physical first Piola–Kirchhoff stress tensor,
b(X, t): external physical body force,
p(X, t): physical momentum density.

Here n(X) is the outward unit normal vector to the boundary oP of a subdomain P � B occupied by any
part of the body in the reference configuration.

We postulate that the material forces on meso- and microlevel have to satisfy their own weakly-nonlocal
integral balance laws. Introducing a set b of external forces breaking e.g. internal material bonds,
b ¼ GdðX; tÞ;GpðX; tÞ; gpðX; tÞ
� �

; ð2:13Þ
and a set p of material momenta of dynamically evolving microdefects, dislocations and hardening
phenomena,
p ¼ PdðX; tÞ;PpðX; tÞ; ppðX; tÞ
� �

; ð2:14Þ
then the balance laws of material forces on meso- and microlevel are postulated as
Z
oP

Rndaþ
Z

P
ð�rþ bÞdv ¼ d

dt

Z
P

pdv ð2:15Þ
representing with (2.8), (2.9), (2.13) and (2.14) three independent balance laws of material forces. In the
formulation of the material balance laws it was taken into account that although defects have no mass, they
have inertia resulting from the interactions of moving defects with the surrounding material (cf. the classical
studies on dislocations, e.g. Nabarro, 1987 or Hirth and Lothe, 1982). The inertia effects due to high speed
motion of dislocations as well as dynamic evolution of microvoids and other defects are account for in the
balance law (2.15) through the material momentum density of the general form (2.14). For experimental
data of crack propagation in rocks with small crack tip process zone of microcracks the reader may refer
to Bertram and Kalthoff (2003).

Under the usual regularity requirements the local balance laws of physical linear and angular momenta
can be derived from (2.11) and (2.12) yielding for every subbody P�B the local balances of physical forces
and physical couples,
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Div Tþ b ¼ _p; TFT � FTT ¼ 0; ð2:16Þ

where (2.16)2 represents the symmetry condition of the second Piola–Kirchhoff and Cauchy stress tensor,
respectively.

Correspondingly, from (2.15) we derive the set of local balance laws of material forces,
DivR� rþ b ¼ _p; ð2:17Þ

representing three independent weakly-nonlocal material force balances. They are also independent of the
physical force balance (2.16)1.

In the global material forces balance (2.15) there may be singular surfaces with material forces acting on
these surfaces, then the corresponding jump conditions of the material forces on these surfaces have to be
added to (2.17).

2.5. Principle of virtual power

To derive the principle of virtual power corresponding to the physical and material balance laws (2.16)1

and (2.17), we formulate their weak form. For every part P of the material body and arbitrary vector-
valued physical velocity field v(X, t) and arbitrary tensor-valued material velocity fields m(X, t), defined as
ordered set
mðX; tÞ ¼ VdðX; tÞ;VpðX; tÞ; vpðX; tÞ
� �

; ð2:18Þ

a direct implication of (2.16)1 and (2.17) together with possible jump conditions is
Z

P
ðDiv Tþ b� _pÞ � vþ ðDivR� rþ b� _pÞ � mð Þdv ¼ 0. ð2:19Þ
The use of the divergence theorem allows us to rewrite Eq. (2.19) in the form
Z
P
ð _p � vþ _p � mÞdvþ

Z
P
ðT � rvþ r � m þ R � rmÞdv

¼
Z

P
ðb � vþ b � mÞdvþ

Z
oP
ðTn � vþ Rn � mÞda. ð2:20Þ
Eq. (2.20) expresses the integral laws and hence also local laws of physical and material linear momenta in
the weak form representing the principle of virtual power for physical and material space.

Reversing the derivation outlined above it is easily seen that the local Eqs. (2.16)1 and (2.17) can be de-
rived also taking the principle of virtual power (2.20) as the basic postulate instead of the integral balance
laws (2.11) and (2.15). Moreover, it is obvious that the principle (2.20) applies also to the whole body B. In
this case, the inspection of the boundary integral in (2.20) naturally leads to a consistent formulation of the
boundary conditions (Stumpf and Hackl, 2003).

Taking the virtual physical and material kinematical variables to be real velocities, v ¼ _x, m ¼ _e, the prin-
ciple of virtual power (2.20) can be rewritten as
Z

P
ð _p � _xþ _p � _eÞdvþ

Z
P
ðT � r _xþ r � _eþ R � r_eÞdv

¼
Z

P
ðb � _xþ b � _eÞdvþ

Z
oP
ðTn � _xþ Rn � _eÞda. ð2:21Þ
With appropriate assumptions concerning the linear momenta in the physical and material space (see
Stumpf and Hackl, 2003), the first integral of (2.21) can be transformed to
Z

P
ð _p � _xþ _p � _eÞdv ¼ d

dt

Z
P

jð _x; _eÞdv; ð2:22Þ
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where jð _x; _F
d
; _F

p
; _n

pÞ is the kinetic energy density in physical and material space,
jð _x; _eÞ ¼ 1

2
q0 _x � _xþ J_e � _eð Þ; ð2:23Þ
with _e defined by (2.7), and J is an ordered set of fourth and second order, respectively, material microin-
ertia tensors denoted as
J ¼ fJd; Jp; Jpg. ð2:24Þ
With (2.7) and (2.24) the kinetic energy of physical and material space (2.23) is given as
jð _x; _F
d
; _F

p
; _n

pÞ ¼ 1

2
q0 _x � _xþ Jd _F

d � _F
d þ Jp _F

p � _F
p þ Jp _n

p � _n
p

� �
. ð2:25Þ
The fourth and second order material microinertia tensors Jd, Jp and Jp have to satisfy certain symmetry
conditions in order to ensure that the kinetic energy (2.25) serves as potential of the material momenta Pd,
Pp and pp. Such conditions are satisfied identically, if the inertia tensors (2.24) are symmetric and time inde-
pendent. Then it follows:
p ¼ ojð _x; _F
d
; _F

p
; _n

pÞ
o _x _F

d
; _F

p
; _n

p
�� ¼ q0 _x;

Pd ¼ ojð _x; _F
d
; _F

p
; _n

pÞ
o _F

d
_x; _F

p
; _n

pj
¼ q0J

d _F
d
;

Pp ¼ ojð _x; _F
d
; _F

p
; _n

pÞ
o _F

p
_x; _F

d
; _n

p
�� ¼ q0J

p _F
p
;

pp ¼ ojð _x; _F
d
; _F

p
; _n

pÞ
o _n

p

_x; _F
d
; _F

p
�� ¼ q0Jp _n

p
;

ð2:26Þ
where the variables behind a stroke have to be kept constant. The form (2.25) of the kinetic energy of
dynamically evolving defects is assumed following results of Naghdi and Srinivasa (1993a) and Le and
Stumpf (1996b) on dislocation dynamics without hardening.

With (2.25) and (2.26), Eq. (2.21) with (2.22) can be written as
d

dt

Z
P

jdvþ
Z

P
rdv ¼

Z
P
ðb � _xþ b � _eÞdvþ

Z
oP
ðTn � _xþ Rn � _eÞda; ð2:27Þ
where the stress power density r of physical and material forces and stresses is obtained as
r � T � _Fþ r � _eþ R � r_e. ð2:28Þ
2.6. Integral and local forms of first and second law of thermodynamics

A reliable formulation of the constitutive equations for irreversible processes of deformable material
bodies undergoing damage and plastic deformations requires a fully thermodynamical theory for deforma-
tion in the physical space and defect and plastic evolution as well as heat flux in the material space. This
requires additionally to the global balance laws of physical forces and couples (2.11), (2.12) and material
forces (2.15) an appropriate global formulation of the first and second law of thermodynamics for physical
and material space.
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Taking into account the results derived in the previous section, the first law of thermodynamics express-
ing the balance of energy for physical and material space takes the form
d

dt

Z
P
ðeþ jÞdv ¼

Z
P
ðb � _xþ b � _eÞdvþ

Z
oP
ðTn � _xþ Rn � _eÞdaþ

Z
P

r dv�
Z

oP
q � nda. ð2:29Þ
Here, e(X, t) denotes the internal energy, j(X, t) the kinetic energy (2.25), r(X, t) the heat source and q(X, t)
the heat flux vector.

The second law of thermodynamics expresses the principle of entropy growth and its general form is
Z
P

ddv � d

dt

Z
P

gdv�
Z

P
h�1r dvþ

Z
oP
ðh�1qÞ � nda P 0; ð2:30Þ
where d(X, t) is the energy dissipation per reference volume, g(X, t) the specific entropy and h(X, t) > 0 the
absolute temperature.

Under the assumption that the balances of physical and material forces (2.11) and (2.15) are satisfied, the
localization of the balance law of energy (2.29) yield the local equation
_e ¼ rþ r �Div q; ð2:31Þ

where r is the stress power density given by (2.28). Moreover, the localization of the second law of thermo-
dynamics (2.30) yields the inequality
d � _g� h�1r þDivðh�1qÞP 0. ð2:32Þ

With the use of the local energy balance (2.31) and the definition of the free energy w(X, t),
w � e� hg; ð2:33Þ

the term r � Divq may be eliminated from (2.32) to give the local dissipation inequality in the form
d � r� g _h� h�1q � rh� _w P 0. ð2:34Þ

The derivation of a fully thermodynamical theory may follow the procedure outlined in Stumpf and Hackl
(2003).

2.7. Local dissipation inequality for isothermal processes

In this paper we restrict our subsequent considerations to isothermal processes. Then the dissipation
inequality (2.34) reduces to the form
d � r� _w P 0; ð2:35Þ

and with the stress power due to (2.28) to
d � T � _Fþ Td � _F
d þ Hd � r _F

d þ Tp � _F
p þ Hp � r _F

p þ tp � _n
p þHp � r _n

p � _w P 0. ð2:36Þ

The inequality (2.36) represents the second law of thermodynamics for isothermal processes under the
assumption that the balance laws of physical and material forces hold.
3. Thermodynamically consistent constitutive equations for isothermal processes and governing equations

3.1. Consequences of the second law of thermodynamics

We assume the general constitutive form of free energy w, physical stress tensor T, material stress tensors
r according to (2.8) and material stress tensors R due to (2.9) as follows:
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w ¼ ŵðF; e;re; _F; _e;r_eÞ;
T ¼ T̂ðF; e;re; _F; _e;r_eÞ;
r ¼ r̂ðF; e;re; _F; _e;r_eÞ;
R ¼ R̂ðF; e;re; _F; _e;r_eÞ.

ð3:1Þ
Introducing (3.1) into the second law (2.36) leads to the thermodynamically admissible form of the consti-
tutive equations, where the free energy has to satisfy the restrictions
o _Fŵ ¼ 0; o_eŵ ¼ 0; or_eŵ ¼ 0; ð3:2Þ
it means that the free energy may be of the form
w ¼ ŵðF; e;reÞ ð3:3Þ
and cannot depend on the rates _F, _e, r_e.
With (3.1) and in view of (3.3) the dissipation inequality (2.36) reduces to
d ¼ T̂ðF; e;re; _F; _e;r_eÞ � oFŵðF; e;reÞ
� �

� _Fþ r̂ðF; e;re; _F; _e;r_eÞ � oeŵðF; e;reÞ
� �

� _e

þ R̂ðF; e;re; _F; _e;r_eÞ � oreŵðF; e;reÞ
� �

� r_e P 0. ð3:4Þ
The inspection of (3.4) leads to the result that the physical and material stresses consist of two parts, a non-
dissipative part, which can be derived from a free energy potential w, and a dissipative part, which is indi-
cated here by a lower asterisk,
T ¼ oFŵðF; e;reÞ þ T̂�ðF; e;re; _F; _e;r_eÞ;
r ¼ oeŵðF; e;reÞ þ r̂�ðF; e;re; _F; _e;r_eÞ;
R ¼ oreŵðF; e;reÞ þ R̂�ðF; e;re; _F; _e;r_eÞ;

ð3:5Þ
where the dissipative parts of the physical and material stresses have to satisfy the dissipation inequality in
the form,
d ¼ T̂�ðF; e;re; _F; _e;r_eÞ � _Fþ r̂�ðF; e;re; _F; _e;r_eÞ � _eþ R̂�ðF; e;re; _F; _e;r_eÞ � r_e P 0. ð3:6Þ

In (3.6) the first term represents the dissipation due to viscous effects on the macrolevel, the second term the
dissipation due to the local driving forces on defects and dislocations in the material space and the third
term their additional weakly-nonlocal contribution.

To complete the set of constitutive equations, we have to add criteria of the initiation of damage and
plastic flow, usually denoted as threshold value and yield condition, respectively. Here we assume two inde-
pendent scalar-valued criteria of the form,
f d ¼ f dðT; r;R; F; e;reÞ 6 0; f p ¼ f pðT; r;R; F; e;reÞ 6 0; ð3:7Þ

where the stresses {T,r,R} in the initiation conditions (3.7) are the non-dissipative equilibrium parts of
(3.5) defined by the first terms on the right side. A special case of (3.7)2 is considered in Sluys et al.
(1993) for gradient elastoplasticity at small strains. Their yield condition depends on the stress tensor,
the plastic equivalent strain and its second gradient.

To simplify the notation scheme furthermore, we collect the physical and material kinematical variables
and their rates in the ordered sets
e ¼ fF; e;reg; _e ¼ f _F; _e;r_eg ð3:8Þ
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and the physical and material forces in the ordered set
s ¼ fT; r;Rg. ð3:9Þ
The ordered set
eðX; tÞ ¼ fe; _egðX; tÞ ¼ fF; e;re; _F; _e;r_egðX; tÞ; ð3:10Þ
with e according to (2.5), defines the state space of our theory with the independent kinematical variables. It
should be pointed out that at one point the values of the fields and the gradients are independent variables.
The independency of the values of the fields and their gradients is only locally true.

By making the space gradients of the state space (3.10) dimensionless additional material parameters
can be introduced into the theory, which have the dimension of lengths. In this way length scales are
included in the theory causing localization zones to have a finite width and not to collapse into discon-
tinuities. For details in gradient-enhanced elastoplasticity at small strains and numerical consequences
the reader may refer to de Borst et al. (1993), Sluys et al. (1993) and de Borst (2001). In the latter paper
it is shown how internal length scales can be backtraced from experimental data. To make also the rates
and time gradients, respectively, dimensionless, also a time scale may be introduced in the state space
(3.10).

With (3.10) the constitutive equations (3.5) can be written as
T ¼ oFŵðeÞ þ T̂�ðe; _eÞ;
r ¼ oeŵðeÞ þ r̂�ðe; _eÞ;
R ¼ oreŵðeÞ þ R̂�ðe; _eÞ;

ð3:11Þ
or, equivalently, in set form
s ¼ oeŵðeÞ þ ŝ�ðe; _eÞ ð3:12Þ
with the set of dissipative driving forces
s� ¼ ŝ�ðe; _eÞ ¼ fT̂�ðe; _eÞ; r̂�ðe; _eÞ; R̂�ðe; _eÞg. ð3:13Þ

With (3.13) the dissipation inequality (3.6) reads
d ¼ ŝ�ðe; _eÞ � _e P 0; ð3:14Þ

describing the rate of entropy growth.

In general, the one-form (3.14) need not be integrable. However, if it is integrable then there exists a
scalar-valued function u of the form u ¼ ûðe; _eÞ such that
dðe; _eÞ ¼ dûðe; _eÞ ¼ o _eûðe; _eÞð Þ � _e; ð3:15Þ

where ûðe; _eÞ is a dissipation pseudo-potential, which enables to express the dissipative driving stresses
(3.13) by one functional
s�ðe; _eÞ ¼ o _eûðe; _eÞ. ð3:16Þ

Introducing (3.16) into (3.12) leads to the thermodynamically consistent constitutive equations
s ¼ oeŵðeÞ þ o_eûðe; _eÞ ð3:17Þ

and the dissipation inequality
dðe; _eÞ ¼ ŝ�ðe; _eÞ � _e ¼ o _eûðe; _eÞ � _e P 0. ð3:18Þ
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3.2. Semi-linear form of the driving forces

Whether the one-form (3.14) is integrable or not depends on the particular form of the response func-
tions of the dissipative stresses (3.13). In order to give an illustration of this point let us assume that the
response functions (3.13) are linear with respect to the rates _e,
s�ðe; _eÞ ¼ LðeÞ _e. ð3:19Þ
Introducing the semi-linear constitutive equation (3.19) into the dissipation inequality (3.18) leads to
dðe; _eÞ ¼ s�ðe; _eÞ � _e ¼ LðeÞ _eð Þ � _e ¼ LðeÞ � ð _e� _eÞP 0; ð3:20Þ
where the tensor product of vectors and tensors are defined in the usual way.
Let us assume that the constitutive operator L(e) may be written as sum of a symmetric and a skew-sym-

metric part,
LðeÞ ¼ LSðeÞ þ LskwðeÞ. ð3:21Þ
If the skew-symmetric part vanishes, Lskw(e) = 0, then the entropy growth dðe; _eÞ given by (3.20) is integra-
ble leading to a dissipation pseudo-potential of the form
uðe; _eÞ ¼ LSðeÞ � ð _e� _eÞ ¼ 1

2
LðeÞ þ LðeÞT
� �

� ð _e� _eÞ. ð3:22Þ
With the dissipation pseudo-potential (3.22) the constitutive equation (3.17) are obtained as
sðe; _eÞ ¼ oewðeÞ þ o_euðe; _eÞ ¼ oewðeÞ þ LSðeÞ _e. ð3:23Þ
3.3. Extremal properties of the entropy production

As noted above, the properties of the dissipation pseudo-potential depend on the properties of the re-
sponse functions of the dissipative stresses. In the particular case of semi-linear response functions, such
properties are determined by the properties of the constitutive operator LS(e). In general, the dissipation
pseudo-potential given by the quadratic form (3.22) is semi-positive definite, i.e.
uðe; _eÞ ¼ LSðeÞ � ð _e� _eÞP 0; uðe; 0Þ ¼ 0 ð3:24Þ
for all _e, and it takes zero value at the equilibrium state _e ¼ 0. If the operator LS(e) is non-singular, then the
relation (3.19) can be inverted yielding
_e ¼ LSðeÞ�1
s�. ð3:25Þ
If in addition the constitutive operator LS(e) is positive definite, then the dissipation pseudo-potential given
by the quadratic form (3.22) has the minimum at the equilibrium state _e ¼ 0 and this minimum is zero.
3.4. Governing equations for isothermal dissipative processes

The governing equations determining the dissipative deformation process with defect and plastic evolu-
tion are obtained by introducing the constitutive equation (3.17) into the physical force balance (2.16)1 and
the material force balance (2.17) with (2.14) and (2.26), yielding the set of equations
DivðoFŵðeÞ þ o _Fûðe; _eÞÞ þ b ¼ q0€x; ð3:26Þ
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Div orFd ŵðeÞ þ or _F
d ûðe; _eÞ

� �
� oFd ŵðeÞ þ o _F

d ûðe; _eÞ
� �

þGd ¼ q0ðJd _F
dÞ�;

Div orFp ŵðeÞ þ or _F
p ûðe; _eÞ

� �
� oFp ŵðeÞ þ o _F

p ûðe; _eÞ
� �

þGp ¼ q0ðJp _F
pÞ�;

Div ornp ŵðeÞ þ or _n
p ûðe; _eÞ

� �
� onp ŵðeÞ þ o _n

p ûðe; _eÞ
� �

þ gp ¼ q0ðJp _n
pÞ�;

ð3:27Þ
where e is the set of physical and material kinematical variables according to (3.8)1,
e ¼ fF;Fd;Fp; np;rFd;rFp;rnpg. ð3:28Þ
Since the kinematical variables (3.28) and their rates are not objective, we have to replace them by their
objective counterparts, which can be obtained easily by pull-back to the undeformed and homogeneous ref-
erence configuration (see e.g. Stumpf and Hoppe, 1997).

To determine dissipative deformation processes with defect evolution and dislocation motion the
governing Eqs. (3.26) and (3.27) have to be supplemented by corresponding boundary and initial con-
ditions (see Stumpf and Hackl, 2003) and activation criteria for damage and plastic flow of the form
(3.7), where the dissipative process has to satisfy the dissipation inequality (3.14) and (3.18),
respectively.

With (3.26) and (3.27) we have as many equations as we have independent unknown fields,
{F,Fd,Fp,np}(X, t), and since the set of equations discussed above is complete, we are able to determine
the unknown fields. Of course, the result depends essentially on the constitutive equations of the specific
problem under consideration. Global uniqueness of the solution should be proved following the method-
ology presented recently by Mosconi (in press) for gradient models of brittle damage.

In our considerations so far we assumed that the free energy w ¼ ŵðeÞ and the dissipation pseudo-
potential u ¼ ûðe; _eÞ are differentiable functions. This is not the case at yield and damage activation
points, where differentiability in the classical sense is not given and has to be replaced by the notion
of subdifferentiability (Moreau, 1970). For simplicity we do not introduce here the usual symbols of
subdifferentiation.
4. Simplified gradient and local theories for quasi-static deformation

4.1. Neglecting viscous effects on the macrolevel and nonlocal rate contributions on meso- and microlevel

If we assume that _F; r _F
d
; r _F

p
and r _n

p
can be neglected,
_F ¼ 0; r _F
d ¼ 0; r _F

p ¼ 0; r _n
p ¼ 0; ð4:1Þ
then far simpler weakly-nonlocal models of damage and finite elastoplasticity are obtained, where the free
energy and the dissipation pseudo-potential take the form
w ¼ ŵðeÞ; u ¼ ûðe; _F
d
; _F

p
; _n

pÞ; ð4:2Þ

with e given by (3.28). The dissipation inequality following from (3.18) leads to
d ¼ o _F
d û � _F

d þ o _F
p û � _F

p þ o _n
p û � _n

p
P 0; ð4:3Þ
and the governing equations (3.26) and (3.27) simplify to
DivðoFŵðeÞÞ þ b ¼ 0; ð4:4Þ
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DivðorFd ŵÞ � ðoFd ŵþ o _F
d ûÞ þGd ¼ 0;

DivðorFp ŵÞ � ðoFp ŵþ o _F
p ûÞ þGp ¼ 0;

Divðornp ŵÞ � ðonp ŵþ o _n
p ûÞ þ gp ¼ 0

ð4:5Þ
with the potentials ŵ and û according to (4.2).
Eqs. (4.4) and (4.5) represent a system of coupled partial differential equations to analyse the deforma-

tion in the physical space and defect, plastic and hardening evolution in the material space. Since the gra-
dient terms of damage, plastic and hardening evolution are included, they constitute a weakly-nonlocal
theory of gradient damage coupled to gradient plasticity.
4.2. Isotropic gradient theories of damage and elastoplasticity

4.2.1. Isotropic gradient damage coupled to local finite elastoplasticity with local isotropic hardening

In the case of isotropic damage the damage tensor Fd is reduced to a scalar-valued function D(X, t) with
0 6 D 6 1,
FdðX; tÞ ¼ DðX; tÞ1; ð4:6Þ

where 1 is the unit tensor. For local finite elastoplasticity with local isotropic hardening we have
rFp ¼ 0; rnp ¼ 0; ð4:7Þ

where np is a scalar-valued function. In this case the free energy and the dissipation pseudo-potential take
the forms
w ¼ ŵðF;D;Fp; np;rDÞ; u ¼ ûðF;D;Fp; np;rD; _D; _F
p
; _n

pÞ; ð4:8Þ

and the set of material force balances (4.5) reduce to
Div orDŵ
� �

� oDŵþ o _Dû
� �

þ Gd ¼ 0;

� oFpŵþ o _F
p û

� �
þGp ¼ 0;

� onpŵþ o _n
p û

� �
þ gp ¼ 0.

ð4:9Þ
The physical force balance (4.4) and the material force balances (4.9) represent the governing equations of
isotropic gradient damage coupled to local finite elastoplasticity with local isotropic hardening. Here, (4.4)
is a vector-valued, (4.9)1 a scalar-valued, (4.9)2 a tensor-valued and (4.9)3 a scalar-valued equation. They
are all independent balance laws coupled only by the constitutive equations (4.8). Eqs. (4.4) and (4.9)1

are partial differential equations and Eqs. (4.9)2 and (4.9)3 represent evolution laws to determine the plastic
deformation Fp and the isotropic hardening parameter np. They are derived from local material force bal-
ance laws together with the constitutive assumptions (4.8).

The local balance law of material forces acting on dislocations (4.9)2 is the basic postulate of Cermelli
et al. (2001) to derive a local, thermodynamically consistent model of finite elastoplasticity to determine
uniquely the nine components of _F

p
and also the nine components of Fp. While throughout the present

paper we use a Lagrangian description with the physical deformation gradient F and the material plastic
deformation measure Fp as independent kinematical variables, Cermelli et al. (2001) formulate their theory
in the elastic and plastic deformation gradients, {Fe,Fp}, correlated with {F,Fp} through the Bilby–Kröner–
Le decomposition
F ¼ FeFp; Fe � FFp�1. ð4:10Þ
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An essential simplification of the isotropic gradient damage theory coupled to local finite elastoplasticity
with local isotropic hardening, as given by (4.4) and (4.9), can be obtained by assuming that elastic
and plastic strains and rotations are small. Then (4.10) leads to an additive split of elastic and plastic
strains
E ¼ Ee þ Ep; Ee � E� Ep ð4:11Þ
and the evolution law (4.9)2 reduces to an evolution law for plastic strains leaving the plastic rotation Rp

undetermined.
With the small strain assumption and the additive split (4.11) the constitutive equation (4.8) can be ob-

tained as
w ¼ ŵðEe;D;rD; npÞ; u ¼ ûðEe;D;rD; np; _D; _E
p
; _n

pÞ. ð4:12Þ

A simple assumption for the free energy (4.12)1 is the following decomposition:
w ¼ ŵðEe;D;rD; npÞ ¼ ŵ
dðEe;DÞ þ ŵ

rDðrDÞ þ ŵ
pðnpÞ; ð4:13Þ
where we can assume
ŵ
dðEe;DÞ ¼ ð1� DÞw0ðEeÞ ð4:14Þ
with w0(Ee) the elastic energy of the undamaged state,
w0ðEeÞ ¼ 1

2
2l trðEe2Þ þ kðtrEeÞ2
� �

; ð4:15Þ
with l and k the classical Lamé coefficients, which can be expressed in terms of Young�s modulus E and
Poisson�s ration m.

The second term on the right side of (4.13) is assumed in the simple quadratic form
wrD ¼ ŵ
rDðrDÞ ¼ 1

2
krD � rD ð4:16Þ
with the material parameter k to be determined by experiments (Frémond and Nedjar, 1996). In the case of
strain hardening the hardening parameter np is not an independent function and is usually expressed by the
plastic equivalent strain ep with ep P 0, what allows us to write ŵ

p
in (4.13) as
ŵ
p ¼ ŵ

pðnpÞ ¼ ŵðepÞ ¼ h
2

ep2; ð4:17Þ
where h is the plastic modulus. For perfect plasticity we have np = 0 and h = 0.
Assuming that the dissipation pseudo-potential (4.12)2 is independent of $D, it follows:
u ¼ ûðEe;D; np; _D; _E
p
; _n

pÞ ð4:18Þ

with the constraint _D P 0.

To decouple the damage evolution from the plastic evolution, we decompose (4.18) into a damage part
and a plastic part
u ¼ ûdðEe;D; np; _DÞ þ ûpðD; np; _E
p
; _n

pÞ; ð4:19Þ

where in the case of perfect plasticity, np ¼ _n

p ¼ 0, Eq. (4.19) simplifies to
u ¼ ûdðEe;D; _DÞ þ ûpðD; _E
pÞ. ð4:20Þ
We assume the dissipation pseudo-potential for isotropic damage and perfect plasticity in the specific
form (see also Nedjar, 2001)
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ud ¼ ûdðEe;D; _DÞ ¼ _D f d þ w0ðEeÞ � ð1� DÞnw0ðEeþÞ
� �

þ c
2

_D
2
; ð4:21Þ

up ¼ ûpðD; _E
pÞ ¼ ð1� DÞ

ffiffiffi
2

3

r
rp

_E
p




 


 ð4:22Þ

with fd the damage threshold value, w0(Ee) the undamaged elastic energy (4.15), w0(Ee+) the undamaged
elastic energy for positive part of the elastic strain tensor, n a material parameter, c a material parameter
and rp the flow stress. The yield criterion corresponding to (4.22) is the classical yield function of J2-flow
perfect plasticity formulated in terms of the effective stress r/(1 � D),ffiffiffir
f pðr;DÞ ¼ devrk k
1� D

� 2

3
rp 6 0. ð4:23Þ
4.3. Theory of elastoplasticity with gradient isotropic hardening

A simplified gradient theory of elastoplasticity is obtained by taking into account only the gradient of the
isotropic hardening parameter. In this case free energy and dissipation pseudo-potential are assumed in the
form
w ¼ ŵðF;Fp; np;rnpÞ; u ¼ ûðF;Fp; np;rnp; _F
p
; _n

pÞ. ð4:24Þ

With (4.11) the governing Eqs. (4.4) and (4.9) lead to
Div oFŵ
� �

þ b ¼ 0;

� oFpŵþ o _F
p û

� �
þGp ¼ 0;

Div ornpŵ
� �

� onp ŵþ o _n
p û

� �
þ gp ¼ 0.

ð4:25Þ
If we assume additionally that in the free energy ŵ the gradient $np can be neglected, then (4.25)3 reduces to
the scalar-valued evolution law of the material force fp ¼ onp ŵ,
onp ŵþ o _n
pû� gp ¼ 0. ð4:26Þ
In the case of strain hardening the isotropic hardening parameter np is a function of the plastic
strain Ep ¼ 1

2
ðFpT Fp � 1Þ and therefore not independent. In this case (4.26) has to be replaced by the con-

stitutive dependency np ¼ n̂
pðEpÞ. With these additional simplifications the gradient of the isotropic

hardening parameter appears only in the yield condition (3.7)2. A gradient-enhanced theory of this type
at small strains with gradient isotropic hardening is investigated in de Borst et al. (1993) and Sluys et al.
(1993).
5. Numerical example

The model of isotropic gradient damage coupled to small strain elastoplasticity as described in Section
4.2.1 is applied to simulate numerically the splitting test of a concrete cylinder under pressure loading (Fig.
1) for elastic and elastic–ideal plastic material behavior.

The material properties are: Young�s modulus E = 26,170 MPa, Poisson�s ration m = 0.18, and the other
material parameters are
k ¼ 0.2 MPa�mm2 f d ¼ 0.4� 10�4 MPa;

n ¼ 2=3; c ¼ 0.001 MPa� s; rp ¼ 28 MPa.
The diameter of the cylinder is R = 0.1524 m and the width of the strip is d = 0.0127 m (see Fig. 1).



Fig. 1. Definition of the problem and deformation in the physical space.
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The specimen was discretized using four-node, plane stress finite elements having at every node i two
components ui and vi of the displacement and the damage value Di as the nodal variables. The element
matrices were calculated using 2 · 2 Gauss integration quadrature.

Fig. 1 shows the concrete cylinder under compression and the deformation of the cylinder in the physical
space at various time instants ti with a comparison with the results of Han and Chen (1987). In Fig. 2 the
evolution of the state of damage and plastification is demonstrated for corresponding time instants ti.
Fig. 2. Damage and plastic evolution in the material space.
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6. Conclusions

The fundamental role of weakly-nonlocal (gradient-type) balance laws of material forces on microdefects
and dislocations in finite elastoplasticity and damage mechanics is investigated. The balance laws of mate-
rial forces together with the classical balance laws of physical forces and couples and the first and second
law of thermodynamics for physical and material space together with thermodynamically admissible con-
stitutive equations enable the analysis of dissipative deformation processes of continuous bodies with defect
and plastic evolution in the material space on meso- and microlevel.

Essential features of the proposed concept are:

• Since there are as many equations as unknowns the problem is well-defined.
• Evolution laws follow from the balance laws of material forces together with the constitutive equations

under the assumption that all gradient contributions can be neglected.
• Because of the weakly nonlocality of the concept the numerical analysis of localization phenomena

exhibits no mesh-dependency.
• FE-discretization requires only C0 continuity.
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Bažant, Z.P., Pijaudier-Cabot, G., 1988. Nonlocal continuum damage, localization instability and convergence. J. Appl. Mech. 55,

287–293.
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